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1.Double Integral
2.Triple Integral

Multiple integrals is a natural extension of an ordinary definite
Integral to a function of 2 varibales (double integrals) or 3
variables  ( Triple integrals)

DOUBLE INTEGRATION

Double integrals occur in many practical problems in science and engineering, It 15 used in problems
Involving area, volume, mass, centre of mass
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Evaluation of Double Integrals

In practice, a double integral is computed by repeated single variable integration, integrate with
respect to one variable treating the other variable as constant.

Case 1: If the region R is a rectangle given by R = {(x, y)/a<x <b, c <y <d}

where a, b, ¢, d are constants, then
Ay

[[ £Cey) dxay = jﬁf(x, ») dy]dx = T[jf(x, ») dx]dy

y=df---

If the limits are constants the order of integration is immaterial, Y =¢C {---
provided proper limits are taken and f(x, y) is bounded in R |

Case 2: Ifthe region R is given by
R={(x,y)asx<b,g(x)<y <h(x)}
where a and b are constants, then

b | Rh(x)
[[f e, y)axay =J[ jf(x,y)dy]dx

a|l g(x)

Here the limits of x are constants and the limits of y are functions
of x, so we integrate first with respect to y and then with respect o)
to x.
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Case 3: If the region R is given by

R={(x,y)/g(y)Sx<h(y), cSy<d}

where ¢ and d are constants then

c

d| hiy)
[[f . yydxdy =J[ jf(x,y)dx]dy

&)

Since the limits of x are functions of y, we integrate first w.r.to
x and then w.r.to y.

XV

Note

(1) When variable limits are involved we have to integrate first
w.r.to the variable having variable limits and then w.r.to the
variable having constant limits.

(2) When all the limits are constants, the order of dx, dy determine the limits of the variable.
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Procedure to evaluatedoubleintegrals:

Stepl: If all the four limits are constants, then follow the given integration order
i.e. either “dxdy” or “dydx”. Here the inner integration variable takes the
limits of inner integral and outer integration varibale takes the limits of
outer integral

Step 2: If atleast one of the limits involve variable, then first check whether the
integration order is proper or not. Proper order means “checking and
following whether “dxdy” or “dydx” order is appropriate according to
the limits”.

Step 3: Then solve the problem as usual

Step 4: Draw the given region (First use variable limits to draw the region, then
use constant limits to complete the region such that their given
relationship is preserved.) This sketch helps you to understand the
procedure of taking limits

Multiple Integrals Dr.B.Krishnaveni

Aditya Engineering College (A)

Thursday, September9, 2021



BLEMS

12
1.  Evaate [ [x(e+y) ayax.
01

Solution.

Let I=jjx(x+y) dydx =j|:

Multiple Integral

)
x(x+ y)dy |dx

1
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2. Evaluate ([ dxdy
j

\/l—xz\/l—yz.

Solution.

11 Lo
LetT=
!i[\/lx\}— l\/lxi’;—z
=[sin™ x]y[sin” y]; = (sin” 1=sin™ 0) (sin™' 1 —sin” O)——-—=wT

3, Evaluate j. czfx x*y dxdy.
o o
Solution.
a Ja® —x* a Ja® —x*
Let I=j j xzydxdy=f j x? ydydx
o (o] O

o
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Problem S 4
Evaluate xXydxdy
1

Sol:Given, 2 3 > 3
_[_f Xydxdy = _f[_f Xydx]dy
OO0 O O

:Z’[X y] dyzyj‘ [9y O]dy
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Problem

Evaluate j’j(' ydydx
00

Sol:Given,
2 X 2 X
| [ydydx= [ [ [ ydyldx
x=0 y=0 x=0 y=0
> y2 8 2 X2
:x.iO[ 2 ]y OdX:X.io[ 2 _O]dx
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xlimits: Along the strip from left to right
Ylimits: Along the Y-axis in the rigion of

integration
b fo(y)

j f (x, y)dxdy

y=a x="71;(y)

xlimits: Along the X-axis in the region of
Integration
Ylimits: Along the strip from bottom to
top v  f(x

|| f(x, y)dydx

x=a y=f;(x)
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Problem

Evaluate JT Xy (X + y)dxdgver the region R bounded by Y = X
andy = x°
Sol: Given R is the region bounded by Y = X° and Y = X
points of intersection: ‘
y =Xand y = X°
X=X"=x*"—x=0
— X(x—1) =0
— X=0,x=1
X=0=>y=0,X=1=—=y=1
The points of intersection are (0,0) &(1,1)
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J\\Llﬁ%_JA

Now consider a vertical strip. !

Limits:
y: X°to X
Xx:0to1l

J:f Xy (X + y)dxdy = j jxy(x + y)dydx

x=0 y=x?
j[j(x2y+xy2)dydx
x=0 y=x2

1 X2 2 D%
:X-io[ Zy b4 ] >
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4. Evaluate ”xy dxdy over the positive quadrant of the circle x*+y*=a’.
R

Solution.
Given that the region R is bounded by the coordinate axes y = 0, x = 0 and the circle x* + y* = a*
So, the region of integration is the shaded region OAB as in Fig.

To find the limits for x, consider a strip PQ parallel to x-axis, x varies from x = 0 to x = \jaz -y
When we move the strip to cover the region it moves from y=0to y=a.
. limits foryarey=0and y=a

afaz_yz A\y
”xydxdy=j j xy dxdy
R 0 0
= — d
!y[z]o #
la 2 2
=3fy(a -y )dy
0
Lo 3 1[2)’2 y4]a
= — — d = — —_———
2!(ay Iy =5197-"7]
_l[az.i_i]_l.fi_i
2 2 4 2 4 8
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5 . Evaluate ” xy dxdy,where A is the region bounded by x = 24 and the curve x* = 4ay.
A

Solution.
Given that the shaded region OAB is the region of integration bounded by y = 0, x = 2a and the parab-

olax*=4ay as in Fig

We first integrate w.r.to y and then w.r.to x.

To find the limits for y, we take a strip PQ parallel to the y-axis, its lower end P lies on y = 0 and

2
X

upperend Q lieson x* =day = =y
a

—_— > y AY L
~. the limits for yare y=0and y = % X oy

When the strip is moved to cover the area, \
x varies from x =0 to x = 2a. |

P A(2a, 0) X

=
g
&
=
I
O'-.
O"-n#l"n
g
QU
N
&
Il
Semimany
=
|
N |‘<
|
&
A
(@

1% x? 1 % 1 N 1 | 2°4° at
=5jx'16ade=3zay2 J'xsdx=32a2 (?) | el 3
0 0 0 a
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6 \ Evaluate ”x dxdy over the region R bounded by y* = x and the linesx + y =2, x=0,x = 1.
R

Solution.

Given that the region of integration is the shaded

region OAB as in Fig,
To find A,solvex+y=2and y*=x
= yr=2-y
= y: 4+y—=2=0
=  (+2)p-1)=0 = y=-21
P x=4,1

oo Ais (1, 1) and B i1s (0, 2) which is the point of
intersection of x =0 and x + y = 2.

It is convenient to integrate with respect to y first
and hence find y limits.

Take a strip PQ parallel to y-axis. P liesson)? =x and Q liesson x + y = 2.
-. the limits for yare y =+/x and y = 2 —x.
When the strip is moved to cover the region, x varies from O to 1.

_Ux dxdy = j.zrx dydx = .l[x-[y]j}’dx
R 0 Jx 0
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Change of Order of Integration

a h(x)
The double integral with variable limits for y and constant limits for x is j j f(x,y) dvdx.To evaluate

b g(x)
this integral, we integrate first w.r.to y and then w.r.to x. This may sometimes be difficult to evalu-

ate. But change in the order of integration will change the limits of y from ¢ toh d where ¢ and d are
d ()

constants and the limits of x from g (v) to A (). The double integral becomes j I f(x,y)dxdy and

c &)
hence the evaluation may be easy. To evaluate this integral, we integrate first w.r.to x and then w.r.to y.

This process of changing a given double integral into an equal double integral with order of integra-
tion changed is called Change of order of integration.

For doing this we have to identify the region R of integration from the limits of the given double
integral. Sometimes this region R may split into two regions R  and R, when we change the order of

integration and hence the given double integral J J f(x,y) dxdy will be the sum of two double integrals.
R

ie., JJf G yyaxay = [[f(x,y) dxdy + [[f(x, y) dxdy

Multiple Integrals Dr.B.Krishnaveni
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Change of Order of Integration
b fo (X)

If the integral is given as j j f (X, y)dydx

x=a y=f; (X)

Draw the region of integration by drawing the curves Y = f,(X),y = f,(X)

and the lines x=a, x=b .Now consider the horizontal strip so that first
we will get the x-limits along the strip in terms of y and the limits fory
as constants. Hence the order of integration is changed

b fo(Cy)

Similarly, the order of integration for _f _f f (X, y)dxdys changed

y=a x="*1;(y)
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Problem
d4a 2-/ax
Change the order of integration and evaluate _f J‘dydx
O x2/4a

2 !
Sol: Given R is the region bounded by y = ;(— , Yy =2~ax - «a\ "
i.e., x* = 4ay, y° = 4ax '

points of intersection :
= 4a(2 /ax) = x* =16a” x4ax = x(x>*—-4°a®*) =0
— X =0,Xx =4a
X=0=y=0,x=4a = Yy =4a
The points of intersection are (0,0) &(4a,4a)
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To change the order of integration, consider the horizontal strip.

Limits:

X: Za to 2\/ay

y: 0to 4a
d4a 2-/ax 4a 2.\ ay
j jdydx = j _fdxdy
O x?/4a y=0 x=y?/4a

- f[ _félx]dy

y=0 x=y?/4a
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4a
= J’[Zw/ay — y?/4aldy

I [2\/_y1/2 Y ]dy
4da
Zw/‘y Y 3]

L=/ 12a -
a’?(4a)*? 64a® 32a® 16a® 16a“

d4a

3/2 12a 3 3 3
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oo oo pors 7

7 . Evaluate Jje—d)!dx by changing the order of integration.
0x y
Solution.
wo -y
Let I=||—dydx
5

The region of integration is bounded by y =x, y=o0, x =0, x = oo,
.". the region is unbounded as in Fig. * ~

In the given integral, integration is first with respect to y and then w.r.to x.
After changing the order of integration, first integrate w.r.to x and then w.r.to y. To find the limits of x,
take a strip PQ parallel to x-axis (see Fig. 13.10) with P on the line x =0 and Q on the line x = y respectively.

7 3
y ¥=X y=x
p
) X o X
Given order of integration After the change of order of integration

.". the limits of x are x = 0 and x = y and the limits of y are y=0 and y = oo

oo L=

P TS e = > I"
[E—dxdy = [<—-[xR ay =fe—-ydy=je-y¢1y=[e ] =—(e~ —e’)=—(0-1)=1
o Y o VY o YV o =1 do

© Sy §
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4a2Vm
8. Evaluate by changing the order of integration J J dydx.
0 x?
4a
Solution.
4a 2Jax
Letl= | | dyax
o ':—a' ,

The region of integration is bounded by . = ':—, == 2Jax and x =0, x = 4a.
a

x2
y =— => x° =4gqy is a parabola and y = 2Jax = y’ = 4ax is a parabola.

4a
In the given integral, integration is first w.r.to vy and then w.r.to x. After changing the order of
integration, we have to integrate first w.r.to x and then w.r. to y.

-
. Ay b 4 :

Given order of integration After the change of order of integration

Multiple Integral Dr.B.Krishnaveni Thursday, September9, 2021
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To find the points of intersection of the curves x* = 4ay and y? = 4ax, solve the two equations.
*=16ad’y? =164’ - dax = 64a’x

= x(x3—64a3)=0 = x=0 and x’—64a’ =0
Now x*—64a* =0 = x3’=64a3=(4a)3 = x=4a
2 2
When x =0, y = 0 and when x = 4a, y=x_=l6a = 4a
4a 4a

Points of intersection are O(0, 0) and A is (4a, 4a)
Now to find the x limits, take a strip PQ parallel to the x-axis (see Fig. 13.11) where P lies on y? = 4ax
and Q lies on x> = 4ay.

2

. the limits of x are xy =2— and x =2,/ay

4a
When the strip is moved to cover the region, y varies from O to 4a.
4a 2Ja\fy J—J—
2
gol= J' j i .[[x] A /4a dy
a 5

4a

=] i[2vavs -2

4a
[ 172 l!2 ]dy

0
[2a"2 2 ]‘ 4a” L (0P 3@ 164 _16d

3/243 3 4a 3 3 3 3
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1. 2=
Change the order of integration in J J xy dydx and hence evaluate.
¢ 2
Solution.

12-x

LetI:j J xy dydx
0 2

The region of integration is bounded by x =0, x=1,y=x%*, y=2 —x.

In the given integral, first integrate with respect to y and then w.r.to x. After changing the order we
have to first integrate w.r.to x, then w.r.to y.

AY AY

. y=x? . y=x2
‘\‘ B -1 ‘l‘ (0, 2) ~ B

NP @
A1, 1) N, C A(1, 1)
\\\\ \\~‘ p
O x=1 E o x
y=2-x y=2-x

Given order of integration

After the change of order of integration
To find A, solve y =x?, y=2-x

= x*=2—x = x24x-2=0 = E+2)(x-D=0 = x=-2,1
Since the region of integration is OAB, x =1 = y =1

. Ais(1,1) and B is (0, 2), which is the point of intersection of y-axisx=0and y =2 —x
Multiple Integral Dr.B.Krishnaveni
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Now to find the x limits, take a strip parallel to the x-axis. We see there are two types of strips PQ and P’
Q' after the change of order of integration (see Fig. 13.16) with right end points Q and Q' are respectively

on the parabola y=x"and the line y =2 —x. So, the region OAB splits into two regions OAC and CAB as
in Fig. ]

Hence, the given integral I is written as the sum of two integrals

In the region OAC, x varies from 0 to \/; and y varies from 0 to |

In the region CAB, x varies from 0 to 2 - y and y varies from 1 to 2

1= [[ 2y dxdy = [[ xy dxdy+ jjxydxdy AY

0AB 0AC ‘ . y=x
1.5 22-y 5 §
= nydxdy+]jxydxdy
10

00 A1, 1)

1 2 \6 2 2 2-y \\
= 'yl:x—:| dy+Jy[ ] dy \b X="1
o L24 2k )\

b | —

2
yydy+=[y-@-pidy
1

2
[ydy+= J (4-4y+y")dy
l

Multiple Integrals Dr.B.Krishnaveni
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1

1 17
=—Iy2dy+5fy(4—4y+y2)dy
1

20
1
1 )’3] 1% 2 3
=—|Z| +=|@y-4y? +y*)d
2[3 ' 2{( y—4y +y )dy
Al 52 3 4P
Ll 4y__4y_+y_]
6 2| 2 3 4 |
1 1— 2 2 4 3 3 1 4 4]
AR 2 A (B =1 ) (2 T
Z 2_( ) 3( ) 4( )
L s_ix7+lxls]=l+l.[72‘”2+45]=l+i=i=3
6 21 3 4 6 12 6 24 24 8
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Double Integral in Polar Coordinates

To evaluate the double integral of f{r, @) over a region R in polar coordinates, generally we integrate
8, r=1,(8)
first w.r.to  and then w.r.to 0. So, the double integral is j j f(r,0)drd0
0, r=1(8)
However, whenever necessary, the order of integration may be changed with suitable changes in the
limits. As in Cartesian, when we integrate w.r.to r, treat 0 as constant.

NOTE
w2 w/2 n—l n_3 2
1. jcos“xdx= jsin“xdxz—-—...—-l if nisoddand n23
g 5 n n-2
=2 w2
2. Jcos"xdx= Jsin“xdxzn—_l-n_?’...l-ﬁ if n is even
n n-=-2 2 2

0 0

[f b )]Ml if n# -1

3. AT fax=t

Multiple Integrals Dr.B.Krishnaveni
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% 2cos8
10. Evaluate I j ridrd®.
_% 0
Solution.
§2co~s0 . ; r3 2cos@ 1% A
Let = j“ ! rdrd® = j*[?]o a0 =§J;8003 040
2 2 =3

= = [ cos® @ is an even
8 ¢ 8 .1 :
=— J cos’*0d0 =—. 2j cos> 040 function]
3L 3 i
g
16 2 32
= ?31 9 [Using formula]

11. Evaluate ”rsin Odrd 0 over the area of the cardioid r = a(1 + cos0) above the initial line.
A
Solution.
Let 1= [[ rsin6dr0
A

Multiple Integral Dr.B.Krishnaveni
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First integrate w.r.to r.
Take a radial strip OP, its ends are on r = 0 and

r = a(l + cosB). When it is moved to cover the area,
0 varies from O to

@ a(l+cos @) = r2 a(l+cos8) e } -
I= J J rsin@®drd@ = J.[ ] sin 640 ‘ 4t X
0 0 0 2 0 g -
15 .
Ejaz (1+cos8)” sin0J0
0

“7 [(1+cos8)? (—sin6)a0
0

— T d
__@[(+cosey [ —(l+cos0)——sm0]
5 : 40
5 0
2 2 8 2 4 2
=—%_(1+cos1‘r)3—(1+cosO)3]=—%[(l—l)3—(l+1)3]=%=%

Multiple Integrals Dr.B.Krishnaveni Thursday, September9, 2021
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Problem

asl

Evaluate ]{ J'idrdé?
0O O

Sol:Given,

asing@ 7z asingd
I

T drd@:j[ J’rdr]de

2 asin @&

3 . a
:910[2] dgzaj;o[z
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" AID ||g1 FY A

2 T L
:a_J~1 coszedg
2 2, 2

a’ sinNn 268 i
-~ e > 1

a‘szr

A

2%2[(7T—0)—(0—0)]=
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Evaluate “r’drdo, over the area bounded between the circles r =2 cos® and r =4 cos0.

Solution.
Let fas ”r3drd0,
A

where the region A is the area between the circles
r=2cos@and r=4cos0

The area A is the shaded area in the Fig.

We first integrate w.r.to r. So, take a radius vector OPQ,
where r varies from P to Q.
.. rvaries from 2 cos 0 to 4 cos 0

When PQ is varied to cover the area A between

3 4

r=2cos 0 andr=4 cos 0, 0 varies from —%toz

2
% 40050 % r4 4cos0
T= j j rdrd@ = j [—] de
=7 20058 —-= 2cos®
2 2
f=— =
- 2
2
= | (4% cos* 8 —2* cos* 8)a0
=
— f (256 —16)cos”* 040
4 -9
=
Dr.B.Krishnaveni Thursday, September9, 2021
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Y
240 1 5040 =60><2joos“ 040
0

:T

Nl;boh’lll

[ cos* @ is even]

[Using formula]

13.

Evaluate ”M
R \/rz +a*
Solution.

rdrd 0
= e

0=
First integrate with respect to r
Take a radial strip OP, its ends are r =0 and

¥ =a\/oos2 0

P ~~‘\ = ———— =a
% O _ X
When the strip covers the region, ® vaties 7777
™, w
from ——to 7y

, Where R is the area of one loop of the leminiscate r’ =a’ cos20.

Multiple Integrals

Dr.B.Krishnaveni
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%aJco&ZO r %[1
« I= ——=drd0 = — (r"+a
i '! N +a’ _Jlg 2 0
4 4
& L eeese
lj‘ (r*+a*)? 0
2 -1
. =,
! 2 8
= [[e?+a)2 ] a0

[(a®cos20+a*)"? —(a?)"? |de

{a[cos 20 +1]"? —a}d®

e LI e L R I e L

[a(2cos® 8)"* —a]d®

Thursday, September9, 2021
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=2 a(ﬁ cos0-1)d0 [ V2 cos®-1is even function]

S —— i |

= 24[25in6- o]'”

0

e fme-nfeaf -l

Multiple Integrals Dr.B.Krishnaveni Thursday, September9, 2021
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. Change of Variables in Double Integral

The evaluation of a double integral, sometimes become simpler if the variables of integration are
transformed suitably into new variables.

For example, from cartesian coordinates to polar coordinates or to some variables u and v.

1. Change of variables from x, y to the variables # and v.
Let J' J f(x, y) dxdy be the given double integral.
R

Suppose x = g(u, v), y = h(u, v) be the transformations. Then dxdy = |J |dudv, where ] = M is
the Jacobian of the transformation. d(u,v)

[[ £ y) dxay = [[ Fu,v) 1l duav

2. Change of variable from Cartesian to polar coordinates

Let [[ f(x, y)dxdy be the double integral.
R

Let x = rcosB, y = rsin® be the transformation from Cartesian to polar coordinates.
Then dxdy =|J|drd®

where J = M is the Jacobian of transformation.
I(r,0)
dx Idx
Jgr 00| |cos® —rsin® 5 .55 3 L
and J= =1 . =rcos  0+rsin"O@=r(cos"O+sin" 0)=r
oy dy sin® rcos®©
Jr 006
dxdy =rdrd® and . [[ £(x,y) dxdy = [ F(r,0)r drae ‘
R R

Multiple Integrals Dr.B.Krishnaveni
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Evaluate “e'("zﬂ' el dxdy by changing to polar coordinates and hence evaluate je"zdx.
00 0

Solution.

Let 1= He**’ﬂ“ dxdy
00

Since x varies from 0 to o= and y varies from O to eo, it
is clear that the region of integration is the first quadrant
as in Fig. 13.23

To change to polar coordinates, put x = rcos@, y =rsin®
&) dxdy = rdrd©
and X2 +)? =r?cos’0 + r’sin’0 = r*(cos® O + sin® 0) =72

r varies from O toe and 0 varies from O to il

7
[=[[e™ rdrae
00
dt
Put F=i = R2edr=dt =3 rdr:;
When r=0,t=0and whenr=oo, t =0
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(e —¢ )do

O eyt | A

§1°°_ _1§e"°°__1
15 ![Ej.e ‘dt}fﬂ —E;,[[—_l]ode—_E

1 3 1 7 1 > @
- —El(O—l)d():E!dO:E[O]O =
]:Ie—(fﬂ*) dxdy =
00
Tofind [e™ dx
o0 0 - - o 2 = w0
Now, l!e'(’z”z’dxdy = Je"‘zdx : Je"z dy = %: [{e“zdx] [ !e"’zdx = J;e'fdy]

0 0
feran fE -0
5 4 2

Multiple Integrals Dr.B.Krishnaveni Thursday, September9, 2021



Aditya Engineering College (A)

\hx —x?

[ /o

2
Evaluate j ——====dydx by changing into polar coordinates.
0

Solution.

2\2rc?
Let ————dydx
: o e

The limits for y are y= 0 and y =+/2x —x?

Now, y=v2x-x2 = yr=2x—x? = x 4y -2x=0 = (x-D'+y’=l,

A xery_ox-0

which is a circle with centre (1, 0) and radius » = 1
' or r=2cos0

and x varies from 0 to 2.
.. the region of integration is the upper semi-circle
as in Fig. 13.24

To change to polar coordinates,

put x = rcos0, y = rsin@

sodxdy=rdrdd

(1,0) ’|<2 0)

X

X2+y?-2x=0

= 2 cos’ 0+ sin’ 0—2rcos®=0
— 1 —2rcos0=0 = r(r—2cos®)=0 = r=0,2cos0

Limits of ¥ are »= 0 and » = 2¢c0s0 and limits of @ are 8 =0 and 8 = i

2
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o w A
? 2cos@ ?2(:050
=] | reosl 0= | [ rcose drde
0 0 r 0 0
% [ 2cos®
= Icoso J rdr]dﬁ
0 |y
7 -rz 2cos0
= Icosﬂ — do
0 L2 1o
12 2 ~1. 4
=—.|'cos()ticos2 040 = 2.[cos de = 2-—-1=—
2 5 A 3 3
2a \fZax—xz
By changing into polar coordinates, evaluate the integral I j (x*+y*)dydx.
0 0
Solution.
2a2ax —x?
= x* +y?)dydx
-! '([ ( y2)dy AY x2+y?2—2ax=0

or r = 2acoso

The limits for y are y = 0 and y = v/2ax —x?

2

Now, y =+2ax —x = y?=2ax-—x*
=x2+y?—2ax =0 = (x-aY+y’=a

which is a circle with centre (a, 0) and radius » = a.
*. x varies from O to 2a
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.~ the region of integration is the upper semi circle as in Fig. 13.25.
To change to polar coordinates, put x = rcos 8 and y = rsin 0.

dxdy = rdrd® and x* + y* = r* cos’ 0+ 1" sin’ 0 =

and x*+)* -2ax=0 = r*-2arcos®=0 = r(r-2acos®)=0 = r=0, r=2acos0

: ’ 13
. r varies from 0 to 2acos® and 0 varies from 0 to E

%2:10030 %FZacosO
- 2 a0 3 ..
l_j j ¥ -rdrd® j j rdr]dﬂ
0 0 ol o
3'r4:|2acoso
=== de
15,
& i {5 4
= [0y 2 4= 1% [costpap=da* L. BT
) ) 422 4
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da y

y S
Evaluate '[ I xz-'_—yzdxdy by changing to polar coordinates.
0,2% Ty

d4a

Solution.
4ay _2 2
- o
Let l—.[ sz +y2 dXdy Ay y=x
0 52
= y?=4ax
y? 7
Given, the limits forxare x==— and x=y 0 .
4a ! X
= y*=dax and y=x

And the limits for y are y=0and y =4a
To find the point of intersection of y* = 4ax and y =x,

solve the two equations.
Now y?=dax = y'=4day = Wy—-4a)=0 = y=0, y=4da

x=0, x=4da

... the points are (0, 0), (4a, 4a)
.. the region of integration is the shaded region as in Fig. 13.26 which is bounded by y* = 4ax and y =x.
To change to polar coordinates, put x = rcos@, y = rsin@

dxdy=rdrd® and x*+)*=r
x2 — y? = r2c0s’0 — r’sin’0 = r*(cos?0 — sin’0) = r2cos20

and y* =4dax becomes r%sin’0 =4a-rcos® = r(rsin’0 — dacosB) =0

Multiple Integrals Dr.B.Krishnaveni Thursday, September9, 2021
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= F=0 and A0 —ducos0 =0 =5y 300080
sin’ @
. limits for r are 0, facosd and @ varies from = to Ly [ slope of the lineistan =1 =0 = E]
sin’ @ 4 2 ;
E4acos0 e 4acoz0
2 2 sin” @
Tt U O i
LAY ™ 5
4 3
o 4acos®
2 ’.2 e
= [cos20| | " a0
™ 0
r
3 .
= l'[COSZG)M de
2 sin* @
e
16a 20 —sin’0) cos” 6 40
sin* @

=2
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= 8qa’

(0032 # 1) sin? @ cos? odO

sin’ @ sin* @

cos’ @

sin’ @

=84 | (cot’0-1)

do

By o]y &3] a

= 8a* | (cosec’®—1—1)cot® 040

By ——ro |y

= 8a* | (cosec’®—2)cot’> 040

By S—ro|y

Ra?

(cosec’@cot’ @ —2cot> @) d0

By —ro|y

o™ o™
2 2
= 8q* .[ cosec’0 cot® 040 — 2.[ cot’ 040
4 s
Multiple Integrals Dr.B.Krishnaveni
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= 8a’

= 8a’®

= 8a*

3
cot” @ cosec’0d0 — 2J (cosec’®@ —1) dO

4

INF '—;N|=I )Y =y

4

—cot” @ (—cosec’0)d0 — 2[—cot 6 — 0]2]

w

——[cot 0]Z +2 cot3+3-(cotﬁ+—
2 2 474

3

LB |

Dr.B.Krishnaveni

Adity

8 4>
i(3w-10)——(3w-10)
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2 2

Evaluate J I (x*+y?) dxdy by changing into polar coordinates.
0 0
Solution.
a \Jaz-)'z
Let I=J j (x* +y?)dxdy
0 0

Limits for x are x = 0 and x = \/a® — y?

Now x=qa'-y* = x’=

which is circle with centre (0, 0) and radius a
Limits foryarey=0and y=a
.". the region of integration is as in Fig.
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bounded by y=0,y=aandx=0, x = ‘/az —y?
To change to polar coordinates,

put x = rcos@, y = rsin@
dxdy=rdrd® and x*+)*=r
V=g = = = r=zxa

. in the given region, r varies from 0 to @ and
: w
0 varies from O to —

2
2, 2, R
1= frenando= | frarfao < ]| | a0= 2 a0- o - 7"
00 ol oL 4 o o 4 4 8
Multiple Integrals Dr.B.Krishnaveni
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Evaluate ” ydxdy, where R is the region bounded by the semi-circle x? + y* = 2ax and the x-axis
R

and the lines y = 0 and y = a.
Solution.
Let [= ”ydxdy
R
The region R is as in Fig,
> y=a

x2+y?=2ax
or r=2acoso

We have x2+)?=2ax
= x2—2ax+y?=0

= x—-a)Y+y?=a*

which is a circle with centre (a, O) and
radius a

To change to polar coordinates,

put x = rcos0, y = rsin®

s dxdy=rdrd® and x? 4 y? = ;?
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Now x*+y’=2ax = r’=2arcos®
= r’—2arcos0=0 = r(r-2acos®)=0 = r=0, r=2acos0

. r varies from 0 to 2a cos 0 and O varies from 0 to ™
2

2acos @

HT = j rsin®-rdrd@=
0

D eyt | 3
D o | 4

sin@| * j:acow dr] do

(SIF

3 2acos®
= [sin® '—] de
° -3

sin@(2a)’ cos’ 640

U |

8 33y
=% cos’® Osin 040

0

- . = 3 3 3
=8i[ £o8 0] =—2L[cos4f-—c030]=—zi(0—1)=‘2i‘
3 -+ o 3 2 3
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TRIPLE INTEGRAL IN CARTESIAN COORDINATES

Let fix, y, z) be a continuous function at every point in a closed and bounded region D in space.
Subdivide the region into a number of element volumes by drawing planes parallel to the
coordinate planes. LetAV ,AV,, ..., AV _be the number of element volumes formed. Let (x, y,, z) be

any pointin AV, where AV, = Ax Ay, Az, Form the sum Zf(xi .¥;,Z;) AV,. The limit of the sum as
1=l

n—coand AV. — 0, if it exists, is called the triple integral of fix, y, z) over D and is denoted by
[[lfy.yav o [[[f(xy.2) dedyds (1)
D D

As in the case of double integrals, the triple integral is evaluated by three successive integration of
single variable.

Consider the triple integral

Z Yy Xy
J ] ez axayaz
(1) If all the limits are constants, then the integration can be performed in any order with proper
limits,
anx uNnz 4y
ie., J _[ '[f(xayaz) dxdydz =j ij(x,y,z)dzdydx = '” Jf(x,y,z)dydzdx
Zyp Yo %o Xo Yo Zo X0 Zg Yo
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2) Ifx,=f0.2), x=f0,2, y,=8&2. ¥,=g), z,=4a, z,=b,

7y % b | n=a(2) [x=f(y.2)
e ” jf(x,y,z)dxdydz:J J J f(x,y,z)dx|dy|dz
Zg Yo Xo a |yo=8(2)|xo=f (y,2)

First we integrate w.r.to x, treating y and z as constants and substitute limits of x. Next integrate
the resulting function of y and z w.r.to y, treating z as constant and substitute the limits of y.
Finally we integrate the resulting function of z w.r.to z and substitute the limits of z.

122

9. Evaluate “sz vz dxdydz.
001
Solution.
1.22
Letl= szyz dxdydz
i00 1
B o= o N TS (IR
_ 1= [zdz [ yay | xax =(Z_) (y_) (x_) =1,i(§_1)=1 [+ limits are constants]
0 0 1 2/\2 b\3 /) 22\3 3) 3
Dr.B.Krishnaveni Thursday, September9, 2021
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10. Evaluate

bec
Ij(xz + y? + 7% ) dxdydz.
00

D S, B

Solution.
ab f‘x3 ¢
Let I=II T+(y2+zz)x dydz
00 2

0

S ey ©

ab
(x*+y*+z?%)dxdydz =_”
00

ab[ 13
] € (P +22) c|dydz
ool 3 g

b (2
=c (—+y2+22)dydz
.0 3
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log2 x x+y

11. Evaluate I _[ I e dxdydsz.

Solution.

log2 log2

Let [ = k]%zjE T eI dzdydx = I e .[e'] dydz = _[ e (e —1)dydz
0

o

log2 A ezy x
25420 —e™)\dydz = J' 4 ezx.li ] —e*.[e’]; rdz
0

-1e

O'—ﬁ!

2 0
1 log2 1 log2
o I [ez"(ez” -1 —2e"(e” —1) > I [ ¥ —2e** +2e’]dx
0 0
| log2
=5 [ (€™ -3¢ +2¢")ax
0

ro | —

[ ax 2x log, 2
M, +2e"]
| 4 2 0

[ 4log, 2
(eh& _gezh&z+2elog,z)_[l_§+2)]
[\ 4 2 4 2

[ log, 16
e _ze»os.4+26w_§]_1[&_ﬁ 22_3] 5.0 g 3 B
1., 2 4] 214 2 4 8 8 8

b | —

b | —

L

[- e =x]
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4
12. Evaluate J j j dydxdz.
00 0
Solution
427 4z -x? 4 2z ,/—.
Let I=J J j dydxdz = | _[ [y 5™ dxdz [Treating x, z constants]
00 0 0
42Vz
= J iz —xdxdz
[
[ x 4z -
= [—\/42 —x? +—-sm ——] [Treating z constant]
2 2z |,

= [[WzVaz=4z +2zsin™ 1-0] &z

4

4 2
2z3dz=wjzdz=w[f—] =T 16)=8m
2 / 5 1Y 2

O'—;A Q'——,A o %
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log2 x x+log2

13. Evaluate JJ J e dydydy.
00 0

Solution.
log2 x x+log, y log2 x

Let I'= JJ J e dzdydx = J Jex-e’[e’]’(;*b”dydx
00 0 00

o %a

= | |e*-e[e"® —e"] dydx
00
log.Zx'

= [ [ere?(e* - —1)dydx

=t

e*e?(e* -y —1) dydx [ %Y = y]

(¥ - ye¥ —e*-e”) dydx

log2
— )i e2x
0

X

ye*dy —e"fe’dy}dx
0

O C— %
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log2 x x
e J [e”‘f ye’dy—e"fe’dy]dx
0 0 0
og
= J {e*[y-e’ =1 —e*[e’[;}dx  [Using Bernoulli’s formula]
0

= [ (" [xe* —e" —(0-1)]-€*(e" - )}dx

{(x=1)e** +e** —e™ +e*}dx
0
log2

= [ {(x=De™ +e*}ax

0

3x 3x log, 2
(x e3 —l-e9 +e":|

0

Il
| ———|

I
ey
U | —

og, 2 et Aot g [ L L]l

3 9
=1(1og 2—1)-8—§+2—2 [v &1%2 = g¥%2 = 23 =g and "% =2]
300 9 9
8 8 8 5 8 19
=—log 2————+2-—=—lo 2——_—241 g2-19
g Py 9" 3 B“Tg ( )
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14. Evaluate ]'J;? 'z_f_yz dzdydx
0 0

Jaz_xz_yz_zz ’

0
Solution.

2 a 2 2 2 2
= %[§m+a_sin"‘ i] =E[0+a7sin'll—0:|=£'a—'3= Ll
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15. Evaluate ”nyz dxdydz over the volume V enclosed by the three coordinate planes and the
v
plane £+£+z_ =1.
a b c
Solution.
Let V be the volume enclosed by the plane * 4 ';_;4-5 =1 and it meets the coordinate axes in
a c
A(a, 0, 0), B(0, b, 0), C(0, 0, ¢) respectively. ,
The projection of V on the xy-plane is the AOAB A
boundedby  x=0,y=0,%4+2 = o' {%:0:9)
a b —_ c(1-i " l]
a b
z varies from 0 to z =c(l—£—1) (a, b, 0)
a b o | >y
B
y varies from 0 to p l_f) A X i
and x varies from O to@,  * % =]
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x -1 dx [Using Bernouli’s formula]
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% 5 % 6
b2 (1—";) , (1—;) ~ b2c? [0 a_2(0 1)]_ b2 a_z_ a*bic?
247 _14 5 (—6) 24 30 © 24 30 720
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Shao %f;fﬁf; r_given -

L s R ety m —> J,;T—U

> 1 - Vv
(D) Sgraske Ly rz —a
ZL:aq:_,d?—w')/

L
2o, X xY=-a H g -

i
H T o D O

4y o — 5&”’"?/
2% 0 —D &— o

Multiple Integrals

Sl J- —\So?r_—oc?’-——> \BT——‘?@;
v

’\__& .u CLO __OK ’%O\
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: 2
"})Z‘/‘\{ 8 6 C\"Z/"D/B

=z 0 _%Q_-?j\ ——%“9/2,
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OEE’LC‘% wosaalan L0 totife Cmgrar o

- \J
—

([ ptar oD 18 dndv deo

[{§ ¢e2 andydz =
dnange Wm%mw@mm%ww‘am

H = %ggm@mslé

3 =~ LB Zs&mj) KS_I > '%> = oL BTG

= = s T (O, . -
%hfrég Wbbb {'59")

Az HHSO g = RBN & = =

&t&sj&-z,: %M&G&ﬁ klg- = W — S .
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- &%im@cqa%(b W st %ch\c{) -z = RSO
X_ = sl 8008]5 8o > St & 8@}5 To = @56
T Q= :mcs:scs—%‘\'mﬁ’ Ze TS - Y
Hg = 9L oSO CJD#S & - )
, S = A ian & SP 275 - O |
L, = -1 Gln O M }b ¢ _%%(me&hf)\
CF OLe, "&/b %CmQQpS§t> ﬂwS%Cogﬁé -
w - (k% - . 88{mf3 &L@S@S[fﬂf) %LSm@Qﬂg
I1= S A i - ©
E’Cﬁl(@ ﬁb) 'z.% Z?S /5,?) Cp%é o sem )

’V .
- (,359'[91/%(,“\8 & Do;’# X J&m@-%@ L CPJ ,\S;a—a_%\"‘ﬂ@’(*
B .. v
i 2imp] = »sO. L T esD () x e & )<
T = J — .~ T e
cjl/%iméc,usek%imgw" 9‘“/
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dxdydz

5 5 where V is the
X" +y +z

Change to spherical polar coordinates and hence evaluate _”_[ 5

v

volume of the sphere x* + y* + 72 = &,

Solution.

|=j£jx2+y'z+zzdxdydz

Using spherical polar coordinates (r, 0, &), x = rsinBcosd, y = rsinBsind, z = rcosd
Then the Jacobian of transformation is

J_a(x.y.z)
d(r,0,d)

=r’sin®

dxdydz =|J\drd 0dd = r* sin0drd0dd
x* 4y + 22 = r¥sin? cos® & + rsin? Osin’ o+ ¥ cos’ 0

= r?sin? O[cos® & +sin’ &)+ r* cos? O = r*[sin® O + cos’ 0] = r?

Multiple Integrals Dr.B.Krishnaveni Thursday, September9, 2021
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Requwed—j J~ jr S|n9drd6d¢

$¢=06=0r=0
=4ra

Evaluatej"f’fz(x2 + y*°) dxdydz over the volume of

the cylinder x° +~ y° =1bounded between z = 2and
z = 3by cylindrical polar coordinates

Sol := ”J z(X* + y*) dxdydz

changing cylindrical polar coordinates
bytaking x=rcosé,y=rsinéd,z=zand
dxdydz = rdrd &dz

2=30=27r=1
— j j jzrzrdrdedz
z=2 6=0 r=0

=5x/4
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Applications of Multiple integrals:

Area using double integrals:

Consider the area enclosed by the curve y = f(x), y =g(x), x=a, x=b in the
Xy- plane.

The area of the region R bounded by the given curve is given by
_ g(x)
A= [[,dxdyor [[ dydx = fx af =y @Y dX

If the region is represented through polar coordinates, then the areais

given by |
= ff rdr do
R



7 '|r
1) Evaluate the area enclosed by the parabolas x?

Sol:
: 2 _ 2 _
Given curves arex“ =y and y* =

2

X :y
:>x4’:y2:
x*—x=0

x(x3—1) =0 =>x=0, x=1

Hence the intersection points are (0,0) and (1,1)
Y limits0to 1

X limits y* to \/y

Aditya Engineering College(A)

= yand y* =




Aditya Engineering College(A)
The required area A = ff dx dy

j fdxdy

y=0 x=y?

— fylzg(\/y - yz)dy




Aditya Engineering College(A)
2

2) Find the area of a plate in the form of a quadrant of the ellipse ZZ +
y? _
=
2 2
Sol: Given curve is the elllpse — + —=1
X limits O to a

.. b
Y limits O to E\/az — x?2




Area= A = [ dx dy

\/aZ_xZ

'] e

= ;0( Va2 — x2 — O)dx

2
=2F\/a2—x2+a—sin‘1£]
al2 2 a
bla* 14
= —|[—sin
al 2

ab T Tab
2

2
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3)Using double integrals, find the area of the cardioid ¥ = a(1 — cosf)
Sol: From the graph of the cardioid r = a(1 — cos8)

r limits 0 to a(1 — cosf)
O limitsOtom

Area= A = [[ 7 dr d6

T a(l- cos@)

=2 f ] rdr db
=0 1r=0

= f;r[a(l — cos0)]* db



CADTTYA
|__ENLIGHTENS THE NESCIENCE

— 4q? f;/z sin*® 2d® (since

_g 2317‘[
— %40

3ma?

2

9—
=

D)
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4) Find the area which is inside the cardioid r = a(1 + cosf)and
outside the circle r=a.

Sol: From the graph 8 varies from ? tog

r varies from ato a(l + cosB)

Area= A = || r dr d6b
/2 a(1+‘§ose)

= 2 f f rdr do

=2 [ (é) de

= f;rfz[a(l + c0s0)]* — a* db
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=a2 [T?[(1 + cos)]> — 1 db

/2
= azj (2cos0 + cos?6)do

0
= q? fon/z (26059 +

5 , 1 sin20
=a 25m6+§ 6 + 5

14+cosfB

) de

:a2[2+%(g+0—0—0)]

o+ ()L e



[
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;
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Aditya Engineering College(A)
Volume using double integral:
Let z= f(x,y) be a surface above the xy-plane. Then the volume is

V=ffzdxdy

Note: In polar coordinates volume is

V= ﬂf(r,@) rdr df



Aditya Engineering College(A)
1) Find the volume bounded by the cylinder x? + y2 =4,y + z =
4 and z = 0.

Sol: Equation of the cylinder is x* + y* =4,z =0
x = £/4 - y3
X=0 then y=42
And the equation of the plane isy + z=4

z=4-y

X limits —\/4 — V2 to \/4 — y?

Y limits -2 to 2
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Required volume =V = [[ z dx dy

= [ L= y)ax dy
=2, 7" (4 — y)dx dy
2
=2 | (4-»xld
J,

2
= 2 f (4 - y)V4—y2dy

y=-2

Aditya Engineering College(A)
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Aditya Engineering College(A)

2
=2 j(‘l\/‘l— Z—yJ4—y3)dy
y=—2

=8/,__(J&—yDdy

=8(2) f;_j(J4—y>) dy

JE—y7 4
—16|Y ; Y +Esin—l(%}

= 16[0 + 2 sin"11-0]

- 32 % §=16:rr
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PRATICE PROBLEM

1) Find the volume bounded by the cylinder x* + y? =

a’? and x% + 7% = a?



