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1.Double Integral

2.Triple Integral
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Multiple integrals is a natural extension of an ordinary definite 

integral to a function of         2 varibales (double integrals) or  3 

variables     ( Triple integrals)
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Procedure to evaluate double integrals:

Step1: If all the four limits are constants, then follow the given integration order  

i.e. either “dxdy” or “dydx”. Here the inner integration variable takes the 

limits of inner integral and outer integration varibale takes the limits of 

outer integral

Step 2: If atleast one of the limits involve variable, then first check whether the 

integration order is proper or not. Proper order means “checking and 

following  whether “dxdy” or “dydx” order is appropriate according to   

the limits”.

Step 3: Then solve the problem as usual 

Step 4: Draw the given region (First use variable limits to draw the region, then  

use constant limits to complete the region such that their given  

relationship is preserved.) This sketch helps you to understand the  

procedure of taking limits  
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Problem

Evaluate 

Sol:Given,
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Problem

Evaluate 

Sol:Given,
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xlimits: Along the strip from left to right
Ylimits: Along the Y-axis in the rigion of 
integration

xlimits: Along the X-axis in the region of 
integration
Ylimits: Along the strip from bottom to 
top
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Problem

Evaluate                                        over the region R bounded by          

and  

Sol: Given R is the region bounded by                  and 

points of intersection:

and 

The points of intersection are (0,0) &(1,1)

Aditya Engineering College(A)

 +
R

dxdyyxxy )(

2xy =

xy =

xy =

022 =−= xxxx
0)1( =− xx

1,0 == xx

11,00 ==== yxyx

2xy = xy =

2xy =



Now consider a vertical strip.

Limits:

y:       to

x: 0 to 1
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Change of Order of Integration

If the integral is given as

Draw the region of integration by drawing the curves

and the lines x=a, x=b .Now consider the horizontal strip so that first
we will get the x-limits along the strip in terms of y and the limits for y
as constants. Hence the order of integration is changed

Similarly, the order of integration for is changed
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Problem

Change the order of integration and evaluate                                                 

Sol: Given R is the region bounded by                   ,

i.e.,                     , 

points of intersection :             

The points of intersection are (0,0) &(4a,4a)
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To change the order of integration, consider the horizontal strip.

Limits:

x:              to

y: 0 to 4a
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NOTE

1.

2.

3.
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Evaluate 

Sol:Given,
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Applications of Multiple integrals:
Area using double integrals:

Consider the area enclosed by the curve y = f(x), y =g(x), x=a, x=b in the 
xy- plane.

The area of the region R bounded by the given curve is given by 

׭ ׭ ׬ ׬

If the region is represented through polar coordinates, then the area is 
given by
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1) Evaluate the area enclosed by the parabolas 

Sol: 

Given curves are 

x=0 , x=1

Hence the intersection points are (0,0) and (1,1)

Y limits 0 to 1

X limits to 
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2) Find the area of a plate in the form of a quadrant of the ellipse 

Sol: Given curve is the ellipse 

X limits 0 to a

Y limits 0 to 
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Area= ׭

׬
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3)Using double integrals, find the area of the cardioid 

Sol: From the graph of the cardioid 

r limits 0 to 

limits 0 to 

Area= ׭

׬
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4) Find the area which is inside the cardioid and 
outside the circle r=a.

Sol: From the graph to 

r varies from a to 

Area= ׭

׬
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Volume using double integral:

Let z= f(x,y) be a surface above the xy-plane. Then the volume is 

Note: In polar  coordinates volume is 
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1) Find the volume bounded by the cylinder 

Sol: Equation of the cylinder is , 

X=0 then y= 2

And the equation of the plane is y + z= 4

z = 4-y

X limits to 

Y limits -2 to 2

.
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.Required volume = ׭
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PRATICE PROBLEM

1) Find the volume bounded by the cylinder 

.


